In this paper we study the global dynamics of piecewise smooth vector fields defined in the two dimensional torus and sphere. We provide conditions under these families exhibits periodic and dense trajectories and we describe some global bifurcations. We also study its minimal sets and characterize the chaotic behavior of the piecewise smooth vector fields defined in torus and sphere.
Introduction
The theory of piecewise smooth vector fields (PSVF for short) has been developing very fast in the last years, mainly due to its strong relation with branches of applied science, such as mechanical, aerospace engineering, electrical and electronic engineering, physics, economics, among others areas. Indeed, PSVF are in the boundary between mathematics, physics and engineering, see [19] and [23] for a recent survey on this subject.
The PSVF are described by piecewise systems of differential equations, so that we have a smooth system defined in regions of the phase portrait. For some references on this subject, we suggest [1, 9, 20] .
The common frontier between the regions that separate the smooth vector fields is called switching manifold (or discontinuity manifold). There are a lot of research being made about the local behavior of PSVF near the switching manifold. For instance, see [3, 10, 18, 19, 21, 22] for results about bifurcations on PSVF, [12, 21] for stability, [13] for reversibility and [2, 7, 8, 14] for applications in relay and control systems.
The mathematical formalization of the theory of PSVF was made precise by Filippov in [9] and in this paper we consider his convention. As usual, we denote the switching manifold by Σ. The trajectory of the PSVF can be confined onto the switching manifold itself, when the trajectories on both sides of the switching manifold slides over the manifold after the meeting, and there remains until reaching the boundary of this (open) region, that is called sliding region.
The occurrence of such behavior, known as sliding motion, has been reported in a wide range of applications, especially on relay control systems and systems with dry friction, see [1, 2, 7, 12, 13, 14, 15] and [19] . There are three distinguished types of regions on the discontinuity manifold: crossing region, attractive sliding region and repulsive sliding region. These regions fully describes what can happen on such manifold.
One of the biggest limitations of the theory of PSVF is the lack of global results, see [23] . In [3] , authors considered conditions to get structural stability for PSVF defined in a compact differentiable manifolds, like a version of the Peixoto's Theorem. However, this paper does not consider a complete analysis of the dynamics in the cases presenting a non-trivial recurrence and tangential singularities on torus or sphere. In general, almost all results are local, in this way, the switching manifold can be taken as an hyperplane of codimension one. Recently a version of the Poincaré-Bendixson Theorem was proved to piecewise smooth case, see [4] and therefore we are able to analyse global dynamics in compact manifolds.
Let M denote the two dimensional torus T 2 or the sphere S 2 . In both cases, we will consider M obtained as the usual quotient of the square I ×I = [0, 1] × [0, 1].
Consider the switching manifold, denoted by Σ, as Σ = Σ 1 ∪ Σ 2 = {(t, 0), t ∈ I} ∪ {(t, 1 2 ), t ∈ I} for M = T 2 and Σ = {(t, Rougly speaking, in the usual embedded model of the torus and sphere in R 3 , in the case M = S 2 we take Σ separating M in top and bottom hemispheres, and in the case M = T 2 we take Σ as the disjoint union of the inner and outer circles, separating the torus on top/bottom two half torus.
In this paper we study PSVF, denoted by X, defined on M, with switching manifold Σ: we consider a piecewise smooth vector field X = (X + , X − ), where X + is defined on M + , X − is defined on M − . Over M + ∩ M − we adopt the Filippov's convention. We provide more details of this in Section 2.
Our main goal is to describe the global dynamics of X in the cases where the singularities of X are generic or do not exist (regular case). The main techniques that we use are the theory of contact between a smooth vector fields with the switching manifold and the dynamics of the first return map, which may be generalized for higher dimensions.
In [10] and [18] are exhibit local normal forms for the two dimensional case. Therefore, we start the study of global dynamics on the two dimensional torus and sphere considering these families (only codimension zero). However, in [6] are exhibit the normal forms of codimension zero for three dimensional case, where the approach developed in this paper can be adapted.
The main results of this paper characterizes the global dynamics of PSVF not locally defined (out of euclidean spaces). We study global bifurcations, existence of minimal sets and chaos for families of PSVF, see Subsection 2.2.
In the following we summarize the main results of this paper.
Theorem A: Let X be a PSVF defined on M with switching manifold Σ. Suppose that X is regular-transversal to Σ, without singularities or tangencies, taken in its normal form X = (X + , X − ), where X + (x, y) = (a, σ 1 ) and
M is a non trivial wandering set.
(ii) for M = S 2 the trajectories of X connects the north and south poles of the sphere.
(b) If σ 1 σ 2 < 0 then the switching manifold presents a sliding motion that is a global attractor or repeller, according to the sigs of σ 1 and σ 2 .
Theorem A is a version of Kronecker-Weyl Equidistribution Theorem for PSVF (see [11] , Proposition 4.2.1). Nevertheless, our approach it is distinctly from that used in the prove of this theorem. In our case, we analyse directly the dynamics of the first return map in the context of PSVF. See Subsection 3.1 for the proof of Theorem A.
In the case where the PSVF present a finite number of fold singularities or a finite number of critical points of the sliding vector field, we show that the topological behavior of X changes drastically when the number of these points changes.
Theorem B: Let X = (X + , X − ) be a PSVF defined on M, where X + is a linear flow transversal to Σ, and X − is a vector field without singularities on M − and with a finite and even number of visible tangencies.
(a) If M = T 2 , generically there exists a point p * ∈ Σ such that every trajectory has p * as its ω-limit.
(b) If M = S 2 , generically there exists a point p * ∈ Σ and we can decompose S 2 = M c ∪ M h , where M c , M h are invariant sets with the property that every trajectory of points in M c has p * as its ω-limit and every trajectory of points in M c is homoclinic to the south pole p S .
Theorem B is a consequence of Theorems 3 and 4 and Subsections 4.2 and 4.3. The hypothesis of an even number of tangencies is to avoid the presence of a line of singularities, and will be better explained in Subsection 3.2.
Recently some definitions of chaos for PSVF were introduced in [5] for planar piecewise smooth vector fields. We analyse the global dynamics of the PSVF on M and prove, under certain conditions, the occurrence of chaos:
Theorem C: Let X = (X + , X − ) be a PSVF on M with the hypotheses of Theorem B.
(a) If M = T 2 , generically X is chaotic on T 2 , that is, X is topologically transitive and present sensitive dependence on the initial conditions.
( The organization of this paper is as follows: In Section 2 we formalize some basic concepts on PSVF, as the first return map in this scenario. In Section 3 the problem is described and some main results are stated and proved. The concept of chaos and minimal sets in the context of PSVF and the results obtained for the torus and sphere are given in Section 4 and in Section 5 we finalize the paper with some comments and future directions of research.
2 Basic Theory about PSVF
Filippov's convention
First of all, we remember the usual construction of the two dimensional torus T 2 and sphere S 2 . The model of the torus is provided by the following
(1)
The model of the sphere S 2 is the quotient Q/ ∼, where (0, s) ∼ (1, s) for all s ∈ [0, 1], (t, 0) ∼ (t , 0) for every t, t ∈ [0, 1] and (t, 1) ∼ (t , 1) for every t, t ∈ [0, 1]. In other words, we identify the vertical sides of the square Q obtaining a cylinder and then collapse each of the borders of the cylinder to produce the north and south poles of the sphere, denoted by p N and p S , respectively.
Remark 1.
In the above construction, the points p N and p S obtained from the collapse of the borders of the cylinder are not mapped in any parametrization (compatible with this model) of the sphere. With this model, we shall consider these points as singularities of every vector field defined on S 2 .
So, we denote the space that the PSVF is defined by M where M = T 2 or M = S 2 .
Consider Σ 1 = {(x, y) ∈ Q; y = 0} and Σ 2 = {(x, y) ∈ Q; y = 1 2 }. We denote h 1 (x, y) = y and h 2 (x, y) = y − Designate by X r the space of C r -vector fields on M endowed with the C r -topology with r = ∞ or r ≥ 1 large enough for our purposes. Call Ω r the space of vector fields X : M → M such that
where
the Lie's derivatives, where ·, · denote the canonical inner product. We may consider Ω r = X r ×X r endowed with the product topology and denote any element in Ω r by X = (X + , X − ), which we will accept to be multivalued in points of Σ. The basic results of differential equations, in this context, were stated by Filippov in [9] . Related theories can be found in [1, 20, 23] and references therein.
On Σ ∈ {Σ 1 , Σ 2 } we generically distinguish three regions:
When q ∈ Σ s , following the Filippov's convention, the sliding vector field associated to X ∈ Ω r is the vector field X s tangent to Σ s , expressed in coordinates as
which, by a time rescaling, is topologically equivalent to the normalized sliding vector field
Note that X s can be C r -extended to the closure Σ s of Σ s . The points q ∈ Σ such that X s (q) = 0 are called pseudo equilibrium of X and the points p ∈ Σ such that X + h(p)X − h(p) = 0 are called tangential singularities of X (i.e., the trajectory through p is tangent to Σ). We say that q ∈ Σ is a regular point if q ∈ Σ c or q ∈ Σ s and X s (q) = 0.
A tangential singularity q ∈ Σ of X − is a fold point of
Definition 1. The flow φ X of X ∈ Ω r is obtained by the concatenation of flows of X + , X − and X s , denoted by φ X + , φ X − and φ X s , respectively.
In the following we define non-wandering point of the flow of X.
Definition 2.
A point p is called non-wandering if for any neighborhood U of p and T > 0, there exists some |t| > T such that φ X (t, U ) ∩ U = ∅.
Families of PSVF
To start the analysis of PSVF in the two dimensional torus and sphere, we consider the following families of systems that are locally, in two dimensional euclidean spaces, in a subset of codimension zero in Ω r (generic). These families are given in [10] and [18] . Unfortunately, there is not in the literature an result that provides a generic family of PSVF for compact manifolds. However, as these families are locally generic in R 2 then they have to be preserved in the study of global dynamics in T 2 and S 2 .
Definition 3. Let X = (X + , X − ) ∈ Ω r . We say that p ∈ Σ is a (a) fold-regular singularity of X if p is a fold point of X − and X + (p)
is transversal to Σ at p.
Based in [10] and [18] we get the list of codimension zero PSVF in Ω r :
• Ω 0 (c) = {X; p ∈ Σ is a regular point and p ∈ Σ c };
• Ω 0 (s) = {X; p ∈ Σ is a regular point and p ∈ Σ s };
• Ω 0 (u) = {X; p ∈ Σ is a regular point and p ∈ Σ u };
• Ω 0 (f r) = {X; p ∈ Σ is fold-regular singularity};
• Ω 0 (h) = {X; p ∈ Σ is a hyperbolic pseudo equilibrium of X s }.
3 Main Results for PSVF
Regular-regular case
Based on [10] and [18] , we consider the following expression of X = (X + , X − ) in this case
where σ 1 , σ 2 = ±1. The proof of Theorem A is divided in two cases:
First of all, we have to define the first return map in this case. We suppose that X 
Therefore, the first return map is given by this composition: ∈ Q then the torus T 2 is a non trivial wandering set.
(b) If M = S 2 then Σ is a crossing region, and all the trajectories of X on S 2 are lines connecting p N and p S . In particular, the flow of X is C 0 -equivalent to the flow of a smooth vector field with just two singularities: one attractor and other repeller.
Proof. We initially prove item (a). Note that the existence of periodic orbits is equivalent to the existence of n 0 ∈ N such that ϕ n 0
In this case, the global dynamics of X is given by the first return map and we can exhibit explicitly:
for n ≥ 2, where the overline denotes the representant of the class of equivalence, defined in (1). Therefore, the necessary and sufficient condition to get periodic orbits, in this case, is ϕ n 0 X (x, 0) = (x, 0), for some n 0 ∈ N. By (3), the last equation is satisfied if and only if
So, we conclude that there exist periodic orbits for X if and only if a±b ∈ Q. Otherwise, if a ± b / ∈ Q then the orbits of X are not periodic and X does not have singular points. Therefore, by applying the version of Poincaré-Bendixson Theorem for PSVF in [4] , we conclude that the orbits of X, in this case, are dense. This ends the proof of (a).
The proof of Item (b) follows by the construction of model of the sphere where p N and p S are singularities, see Remark 1.
Example 1 (Limit cycles). Note that in Theorem 1, if we do not take X in normal form, just regular-regular, the result is no longer valid. In particular, we can have cycle limits for PSVF on M = T 2 : consider the vector field
with α > 0 to be defined below. Note that the lines γ 1 (t) = ( If we take a point in the right side ofq, the same property still holds. Then γ is a limit cycle. See Figure 1 for a representation of this limit cycle. 
is a stable sliding region (resp. unstable sliding region). In both cases Σ 2 is itself a closed trajectory, solution of the constant differential equation
Besides then:
(a) if M = T 2 and
is a global attractor (resp. global repeller) for X.
(ii) σ 1 < 0 then Σ 1 (resp. Σ 2 ) is a global repeller (resp. global attractor) for X.
(b) if M = S 2 and σ 1 < 0 (resp. σ 1 > 0) then the flow of X is C 0 -equivalent to the flow of a vector field on S 2 with two repelling singularities and one attracting closed orbit (resp. two attracting singularities and one repelling closed orbit).
Proof. We consider firstly σ 1 < 0. In this case Σ 1 , Σ 2 coincides with Σ u , Σ s , respectively. In Σ 2 , the normalized sliding vector fields X s , given in (2), is expressed explicitly as
Note that X s is regular and when its trajectory reaches the point (1, 1/2), by equivalence class, is identified with (0, 1/2) and follows again the flow. Therefore, we say that the orbit of X s coincides with the region Σ 2 . In Σ 1 , when M = T 2 , we have similar behavior and we conclude that Σ 1 and Σ 2 are periodic orbits. Besides, Σ 1 , Σ 2 is a global repeller for X (unstable limit cycle) and global attractor for X (stable limit cycle), respectively.
In case when M = S 2 then there exists singularities p N and p S whose stability is determined by the sing of σ 1 . More precisely, if σ 1 > 0, σ 1 < 0 then Σ 2 is an unstable sliding region, stable sliding region, respectively. Therefore, if σ 1 > 0, σ 1 < 0 then p N , p S is an attractor, repeller, respectively.
Fold-regular case
We suppose that X + is a regular vector fields and X − presents fold singularities in Σ 1 ∪ Σ 2 . Lemma 1. Generically it does not exist trajectories of X − connecting two fold singularities in
Proof. In fact, the trajectory γ connecting two tangency points it is a distinguish trajectory in the sense that γ most be preserved by a topological equivalence. However, this is a not robust behavior and it is necessary one parameter to get the unfolding of this dynamic. In Figure 2 we present a geometric approach to this unfolding. So, the presence of this trajectory γ γ Figure 2 : The unfolding of a trajectory connecting two fold singularities.
provides a global bifurcation of codimension one. Therefore, we assume that does not exist a trajectory connecting tangential singularities.
The next result provides a relation between the existence of invisible and visible fold singularities of X − . . Therefore, we obtain a curve C i (η) in an half torus (the region between Σ 1 and Σ 2 ) such that X − h 2 (C i (η)) = 0 and by construction, C i (η) is transversal to Σ 2 at a point η i , which is an invisible fold singularity of X − . So, we conclude the proof.
In this case, the main result is the following: (ii) X − (0, y), ∇h 2 (0, y) = 0 for all y ∈ R. In other words, the straight line {(0, y); y ∈ R} is composed by tangential singularities of X − with Σ 2 .
(b) If M = T 2 , S 2 and the number of fold singularities of X − in Σ 2 is 2n then Σ 1 and Σ 2 breaks into 2n regions each. According to the orientations, the regions in Σ 1 , Σ 2 change between crossing and stable sliding region or crossing and unstable sliding region.
Proof. Item (a): We detail the proof for the case when M = T 2 . The analysis for M = S 2 is analogous and we omit. Consider the following orientation given in Figure 4 , the analysis for the other cases is similar. The contact, at (x, y), between the smooth vector field X − with Σ 2 is given by X − (x, y), ∇h 2 (x, y) . Note that, with this orientation, we get X − (η, y), ∇h 2 (η, y) > 0 and X − (1 − η, y), ∇h 2 (1 − η, y) < 0, where η is small and non-negative real number. Therefore,
As ∇h 2 (0, y) = (0, 1) we conclude that X − (0, y) = 0 or X − (0, y), ∇h 2 (0, y) = 0. Item (b): Consider, without loss of generality, that X + h 2 (p) < 0 for all p ∈ Σ 2 . Let be p i , i = 1, . . . , 2n the fold singularities of X − in Σ 2 . So X − h 2 (p i ) = 0, i = 1, . . . , 2n and the sign of (X − ) 2 h 2 (p) changes when p ∈ Σ 2 pass to each fold singularity p i . Therefore, we get that each time which p pass through p i we obtain a change of regions on Σ 2 , between Σ c and Σ s .
Remark 2. By Lemma 2 and Theorem 3, considering M = T 2 , if the number of visible folds is even, then the number of invisible folds is also even. So, if X − has no critical points or it is not flat on Σ 2 , the minimum number of folds is four: two visible and two invisible.
The next result is an important consequence of Theorem 3.
Corollary 1.
If X is a fold-regular PSVF on M with an odd number of fold singularities, then X is not structural stable. Moreover, in this case the codimension of the bifurcation diagram is equal to infinity.
Proof. Follows as consequence of the presence of a curve of tangential or critical points of the smooth vector field X − .
The kind of change of structure present in Corollary 1 does not happen in PSVF defined in euclidean spaces. In fact, in this context, the family of X presenting a fold-regular singularities is generic (codimension zero), see [10, 18] . So, considering PSVF defined in T 2 or S 2 , when the number of fold singularities changes (even to odd), the behavior changes between a codimension zero to codimension infinity!
Critical point of X s
In this case, we suppose that the number of pseudo equilibrium of X s is finite and all of them distinct and hyperbolic, i.e., X ∈ Ω 0 (h). Let p i , i = 1, . . . , n these pseudo equilibriums.
Let us define the sign function by sgn(0) = 0, sgn(x) = 1 if x > 0, sgn(x) = −1 if x < 0. We obtain the following results: Theorem 4. If M = T 2 or M = S 2 , the number of pseudo equilibrium of X s is even and if p i is an attracting (resp. repelling) pseudo equilibrium of X s then p i+1 is a repelling (resp. attracting) pseudo equilibrium of X s .
Proof. As p i is hyperbolic, we define I(p i ) = sgn((X s (p i ) )) as the index of the hyperbolic pseudo equilibrium p i of X s . We suppose, without loss of generality, that I(p i ) = 1, i.e., p i is a hyperbolic repeller pseudo equilibrium of X s . In this way, as I(p i−1 ) = 0 and I(p i+1 ) = 0 the choose of sign of I(p i ) (the stability of p i ) also determinates that the signs of I(p i−1 ) and I(p i+1 ) are both negative, i.e., p i−1 and p i+1 are hyperbolic attractors (pseudo equilibria of X s ).
Therefore, the stability of all the others pseudo equilibrium are determinate. In fact, by the same argument we get that p i−2 and p i+2 are hyperbolic repeller pseudo equilibrium, so p i−3 and p i+3 are hyperbolic attractor pseudo equilibrium and we repeat the same analysis for the other pseudo equilibrium.
Now we prove that the number of pseudo equilibria of X s is even.
In fact, if the number of pseudo equilibria is odd, at the end of this process remain two consecutive pseudo equilibria. Considering the previous analysis of stability of each pseudo equilibrium, we get that these two consecutive points have the same stability, what is a contradiction with the fact that these one are hyperbolic. So, we conclude that at the end of the analysis remain only one pseudo equilibrium of X s . Therefore, we get that the number of pseudo equilibria of X s is even and the stability of each one is alternating between attractor and repeller.
As consequence of Theorem 4 we get that Corollary 2. If the number of pseudo equilibria of X s is odd then there exists at least one p * i that is a saddle-node pseudo equilibrium of X s , i.e., in one side of p * i , in Σ s , the orbits of X s arrive at p * i and in another side they leave.
Remark 3. As consequence, in this case, the codimension of the PSVF that presents an odd number of pseudo equilibria of X s is, at least, one.
Example 2. Consider the 1-parameter family of vector fields define on torus T 2 :
Note that the vector field X + has four fold points: visible folds at (1, 
Chaos and minimality of PSVF on torus and sphere
In this section, our objective is study the minimal sets of the PSVF presenting a finite number of fold singularities on the torus and sphere. We analyse the global dynamics and prove, under certain conditions, the existence of minimal sets in M = T 2 or M = S 2 and the occurrence of chaos.
Some concepts and definitions under the chaos and minimal sets of PSVF
In the following, we consider some definitions, which is stated in [5] , of minimal sets and chaos in this context.
Definition 4.
A set A ⊂ M is invariant for X if for each p ∈ A and all global trajectory φ X (t, p) passing through p it holds φ X (t, p) ∈ A.
Definition 5. Let be X ∈ Ω r . A set S ⊂ M is minimal for X if:
(c) S is invariant for X;
(d) S does not contain proper subsets satisfying (a) − (c).
One of the first papers that treat chaos in the context of PSVF was [16] where the authors adapt the classical definition of chaos. In fact, this definition, stated in [5] for example, consider topological transitivity and sensibility to initial conditions, which are defined in the following. Definition 6. X ∈ Ω r is topologically transitive on an invariant subset A ⊂ M if for every pair of non-empty open sets U, V ⊂ M there exist p ∈ U and t 0 > 0 such that the positive global trajectory φ + X (t, p) evaluated at t = t 0 is in V , i. e., φ + X (t 0 , p) ∈ V . Definition 7. X ∈ Ω r presents sensitive dependence on a compact invariant set A if there exist a fixed r > 0 with r < diam(A) such that for each x ∈ A and ε > 0 there exist y ∈ B ε (x) ∩ A and positive global trajectories Γ + x and Γ + y passing through x, y, respectively, satisfying
where diam(A) is a diameter of A and d(a, b) is a euclidean distance between a and b.
With these definitions we are able to define a chaotic set, analogously to the smooth case.
Definition 8. We say that X is chaotic on a compact invariant set A if is topologically transitive and present sensitive dependence on A.
To prove the invariance of a compact subset of M = T 2 , S 2 we need to consider the dynamics of the half-first return map, that is defined in following. The purpose to consider the half-first return is that the complexity of the dynamics of X is provided by the existence of a finite number of fold singularities, that occur in the bottom half torus.
Definition 9. Consider a transverse section Λ = {(0, ξ); ξ ∈ [0, 1/2]}, q ∈ Λ and the trajectory φ X − (t, q) of X − passing through q. Let be t(q) the first positive time such that φ X − (t(q), q) ∈ Λ. We define the half-first return map π : Λ → Λ such that π(q) = φ X − (t(q), q) and the displacement map
Note that the half-first return map is a C r -difeomorfism. In the one dimensional transverse section Λ we consider the order relation: given q i = (0, ξ i ) ∈ Λ we say that q i < q j if and only if ξ i < ξ j .
Let be q i = Γ p i ∩ Λ the point where Γ p i intercepts Λ for the first time, q i = π(q i ) andΓ p i the arc of trajectory of X − passing through p i whose frontier is q i andq i .
Definition 10. Consider p * ∈ Σ 2 a fold singularity of X − satisfying:
(1) the trajectories of the sliding vector fields defined in the adjacent stable sliding region of p * (remember that p * is in frontier of stable sliding sliding region) converges to p * ;
(2) considering the region R 1 ⊂ Σ − limited by Σ 2 andΓ p * then all arcs of trajectoriesΓ p i ⊂ R 1 .
To study the chaos and minimality on the torus and sphere we consider the following model X = (X + , X − ) of PSVF where one of them is regular (constant) and the other present a finite number of fold singularities
where X − 2 is a smooth function such that the equation X − 2 (x, 1/2) = 0 has exactly n simple solutions (these solution are the fold singularities of X − in Σ 2 ).
The next lemma provide us the dynamics of the sliding vector fields.
Lemma 3. Considering the model (4) the sliding vector fields defined on all segments of stable sliding region in Σ 2 is constant or identically zero.
Proof. By (2), the expression of the normalized sliding vector fields in this case is
. Therefore if α > 1, α = 1, α < 1, respectively, then X s points to the right, is identically zero, points to the left, respectively. Remark 4. As our intention is study the most generic behavior in Ω r , we suppose that α = 1.
Analysis of global dynamics on T 2
Now we present the main result about the global dynamics of X ∈ Ω r defined in (4).
Theorem 5. Consider M = T 2 and X ∈ Ω r given by (4). We have:
is an attractor (repeller) limit cycle and all trajectories of X, except Γ p , passes thought p * for negative (positive) times.
(iii) If d(q i ) = d(q j ) = 0, i = j, and do not exist others points between q i , q j in Λ such that d(q) = 0 then S ij , the region limited by the periodic orbits Γ q i and Γ q j , is a minimal set.
⊂ Λ then all trajectories of X in the region between the periodic orbits Γ q 1 and Γ q 2 are periodic. In this case, we have a behavior like a center in the torus.
Proof. Proof of Item (i): Assume that d(p) = π(q) − q > 0 for all p ∈ Λ. In this case, we most prove that all positive trajectories pass through p * ∈ Σ 2 .
To prove this result, we consider the dynamics of X − , X s and the distance map d. Consider q ∈ (q * , (0, 1/2)) ⊂ Λ. There are two possibilities for the trajectory Γ q : or Γ q intercepts the adjacent sliding region to p * and then follows to p * by the sliding vector field or Γ q intercepts other stable sliding region, namely (p i , p i+1 ). In the second case, the trajectory will be ejected to Σ − and as all arcs of trajectories of p i are in R 1 this trajectory will return again to the stable sliding region until reaches the adjacent stable sliding region and finally converges to p * .
Besides than, for all p ∈ Σ 2 then Γ p passes trough p * . In fact, if p ∈ ((0, 1/2), p * ) then Γ p intercepts Λ in a point q ∈ (q * , (0, 1/2)) and so, by previous statements, the trajectory by p passes through p * . If p ∈ (p * , (1, 1/2)) then Γ p intercepts Λ in a point q. As by hypothesis d(q) > 0 then exists a positive integer n 0 such that d n 0 (q) ∈ (q * , (0, 1/2)) ⊂ Λ and then the result follows as the previous case.
For q ∈ ((0, 0), q * ) we have two possibilities for the dynamics of X: the trajectories intercepts Σ 1 in a crossing region and then follows the flow of X + reaching Σ 2 or Γ q intercepts Λ. In the last case, as d(q) > 0, there exists an integer positive n 0 such that d n 0 (q) ∈ (q * , (0, 1/2)) ⊂ Λ. So, all positive trajectories of X pass through p * .
The proof of Items (ii) and (iv) follows by the previous statements and considering the dynamics of distance map d : Λ → Λ, i. e., if d(q) = 0 this represent a periodic orbit for X − and the hypothesis d (q) = 0 is equivalent to the periodic orbit Γ q to be hyperbolic.
To proof of Item (iii) we have to show that the region between Γ q i and Γ q j is invariant by the flows of X, compact, non empty and does not contain a subset proper with these properties.
The invariance of S ij follows by the existence and uniqueness of solutions of smooth vector fields (remind that we are considering the dynamics of X only in Σ − , that is governed by X − ∈ X r ). As q i = q j then S ij is non empty and is compact because is a closed set in T 2 . By hypothesis, do not exist others points between q i , q j in Λ such that d(q) = 0, in other words, does not exist periodic orbits in S ij . Note that by (4), the smooth vector field X − does not have singular points. By the classical Poincaré-Bendixson theorem we get that does not exist other subset proper of S ij that is invariant, non empty and compact. Therefore, we conclude that S ij is a minimal set of X.
The next result provide us all non-trivial invariant sets for the case where X, given in (4), presents a finite number of fold singularities.
Corollary 3. Consider the same hypothesis of Theorem 5. Let be q 1 , . . . , q n the fixed points of half-first return π. If all periodic orbits Γ q i , i = 1, . . . , n of X are hyperbolic then they appear alternating between attractor and repeller. Besides than, each region limited by Γ q i and Γ q i+1 for i = 2, . . . , n − 2 are minimal sets of X, with ω(p) = Γ q i and α(p) = Γ q i+1 or ω(p) = Γ q i+1 and α(p) = Γ q i .
Proof. The proof is analogously to the proof of Theorem 5, Items (ii) and (iii).
In the following we prove that X, considering the hypothesis that d(q) = 0 for all q ∈ Λ then X is chaotic. The approach of this proof is given in [5] .
Theorem 6. Consider X given in (4), with α = 1 and β < 0. If d(q) = 0 then X is chaotic on T 2 .
Proof. First of all, we prove that any z, w ∈ T 2 then there exist a positive global trajectory passing through z and t 0 > 0 such that φ X (t 0 , z) = w.
In fact, suppose that d(q) > 0 for all q ∈ Λ. The proof for the case d(q) < 0 is analogous. By Theorem 5 we get all z ∈ T 2 then the positive trajectory Γ + z passes through p * . So, given z, w ∈ T 2 then there exist t 1 , t 2 > 0 such that φ X (t 1 , z) = p * and φ X (t 2 , w) = p * . Suppose, without loss of generality, that t 1 − t 2 ≥ 0. Therefore,
We prove now that X is topologically transitive.
In fact, given any non-empty sets U, V ⊂ T 2 there exist z ∈ U and w ∈ V . By the previous statements, we proved that there exist a positive trajectory connecting z and w. So, we get the topological transitivity. So, remain to prove that sensitive dependence on T 2 . Consider D = diam(T 2 ), r = D/2 > 0 and a, b ∈ T 2 such that d(a, b) > r. Let be ε > 0 and x ∈ T 2 . We get y ∈ N ε (x) ⊂ T 2 , where N ε (x) is a ε-neighborhood of x in the topology of T 2 . As we proved previously, we get that exist t 1 , t 2 > 0 such that φ X (t 1 , x) = a and φ X (t 2 , y) = b. Therefore, d H (φ X (t 1 , x), φ X (t 2 , y) = d(a, b) > r and we conclude that X is chaotic in T 2 . Proof. Consider the trajectories of X viewed on square Q. Then the existence of the visible and invisible tangency points p and q, respectively, implies that there are visible and invisible tangencies of X on the segment I 1 , denote byq andp, respectively. The trajectories of X in a small neighborhood ofp intersects I 1 on two points. On S 2 = Q/ ∼ all these trajectories are closed and have p S as a common points.
Analysis of global dynamics on S
As the analysis developed in previous subsection, the distinct dynamics of X on S 2 depends on the sign of displacement map. In the following, we consider these different possibilities.
Recall that p i ∈ Σ 2 ⊂ Q/ ∼ and η i ∈ I 1 ⊂ Q are the fold singularities of X − , q i = Γ p i ∩ Λ the points where Γ p i intercepts Λ for the first time and q i = π(q i ) for i = 1, . . . , 2n. We shall use the same definition of p * as defined in Definition 10 for T 2 .
Theorem 7. Consider M = S 2 and X ∈ Ω r given by (4). We have:
where M h has positive measure and is foliated by trajectories homoclinic to p S , M c contains the upper hemisphere and has the property that the trajectory of every x ∈ M c pass through p * and M s is invariant and contained in the lower hemisphere. Figure 6 : Cases (ii), (v) and (vi) of Theorem 7, respectively. the first return time of η, is foliated by trajectories homoclinic to p S . Take δ i the largest positive number with this property and denote M
h is an arc of the trajectory of η i+1 . Now take
h , where IT is the set of invisible tangencies on I 1 . Note that M \ int(M h ) can be decomposed as M c ∪ M s , in the same sense of the torus.
Note that (vi) follows from the fact that if q i ∈ I 1 then for every η ∈ I 1 and η < q i , then the trajectory of η ends at p * , and as the tangencies are isolated, there are a continuum of these points.
Theorem 7 (i) and (iii) implies the following result:
Corollary 4. Consider M = S 2 and X ∈ Ω r given by (4). Then there is a set M c ⊂ S 2 of positive measure and containing Σ such that if x ∈ M c , the trajectory of x pass through p * .
Corollary 4 is an analogous of Theorem 6, however, due to the presence of p N , p S as singularities, with p N ∈ M c , the set M c is not minimal in the sense of Definition 5.
Final remarks
The qualitative theory of PSVF had a fast development after a mathematical formalization, provided by the results in [9] , [17] and [24] , for example. However, comparing the maturity of the theory of PSVF with the analogous to the smooth case, it is clear that has much work and effort to be done to reach the level of results and fullness of the smooth case. Besides than, in the last years the number of papers and books treating specifically of this subject has increased, see [1] , [9] , [17] , [20] , among others.
In this paper we started the study of PSVF in bidimensional surfaces besides then euclidean spaces. Specifically, we proved the ergodicity of the irrational rotation on torus in case where the switching manifold Σ on torus coincides with the crossing region. In the case of sphere, the dynamics coincides with the north-south flow, i.e., for all points in sphere, except the north and south poles which are singularities, has ω-limit, α-limit as the south, north pole, respectively. When Σ ≡ Σ s,u and X s is regular there exists a global attractor/repeller on the torus and sphere. This kind of result can be helpful in the global study of dynamics on torus and sphere.
When X ∈ Ω r presents fold singularities, we see a drastic changes of the dynamics depending, among other factors, on the number of fold singularities (see Theorem 3). We have to avoid the PSVF that presents an odd number of fold singularities in Σ, as an odd number of folds implies in a line of singularities. Finally, as in the previous case, when we consider a finite number of pseudo equilibrium for X s , if this number is odd, almost one of this pseudo equilibrium is a saddle-node point. Therefore, this PSVF it is not structural stable.
In Subsection 4, we explore the presence of chaos and minimal sets of the PSVF on M. We provide conditions under which the system presents a chaotic behavior. We also characterize when there exists minimal sets of X ∈ Ω r (considering a finite number of fold singularities).
We remark the difference between the results obtained here for PSVF and some classical results for smooth dynamics. For instance, in the case M = S 2 , we prove the existence of a region on S 2 composed by homoclinic connections and this behavior is generic in the set of X ∈ Ω r on S 2 .
The case M = T 2 also present some unusual results, for instance the existence of an open subset of the set of PSVF that has a transient behavior and sensibility under the initial conditions, which it is not generic.
Theorems A, B and C pave the way to obtain some Kupka-Smale results for PSVF defined on M. For instance, we have to study PSVF with singularities on M, that were not considered on this paper. The analysis of the dynamics of PSVF defined on sphere and torus, and also other compact manifolds, will be treated in a forthcoming paper.
